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INDIA 
S U M M A R Y  
ModelHng immobih'zed enzymes as a fractal object in the form of a DLA and each 
enzyme molecule as another fractal object in the form of a percolation cluster, 
the present work-simulates the performance for a sequence of elementary reactions 
and transport on the surface. The results show that non-ideah'ties in the 
performance, such as mul~'-stationarity and substrate inhibi~bn, can also ar~se 
in this simple description~ 
I N T R O D U C T I O N  
Surface representations of proteins have provided a powerful approach for 
characterization of the structure, folding, interactions and properties of proteins. 
A fundamental feature of proteins that has not been characterized by these 
representations, however, is the texture (roughness) of protein surfaces and its 
role in molecular interactions. The  degree of irregularity of a surface may be 
described by the fractal dimension D (Lewis and Rees, 1985). The ensuing fracta/ 
surface dimension controls biologica/ly relevant processes. 
Mandelbrot's fractal geometry provides a descriptive and a mathematical way 
to model many of the seemingly complex forms found in nature (Mandelbrot, 1983). 
Statistical self-similarity is the essential quality of fractals in nature. Although 
the fractal dimensionality is but a single parameter, it is nevertheless a useful 
indicator of protein conformation because it provides a quantitative measure of 
the degree to which a structure fills the space in which it resides (Wako~ 1989)o 
The rate of substrate arrival (by diffusion) at a biological receptor depends 
very much on whether the diffusion space is 3-, 2- or 1-dimensional. The maJdmum 
rate of a reaction will depend on the encounter probability of the components. 
The diffusion process can be treated in terms of Brownlan motion, or the random 
walk process. It has been shown in the case of lysozyme that substrate molecules 
close to the surface are trapped and then migrate along the surface to the active 
site (Pfeifer et ad, 1985). Such diffusion on complex proteins with fractal structures 
may have important biological implications (Voss, 1988). 
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In  the  present  work ,  we have  cons idered  an  enzymat ic  react ion  in wh ich  
the  subst ra te  molecules  can  a t tach  to cer ta in  po in ts  on the  enzyme sur face ,  o ther  
than  the  ac t ive  s ite,  and  then  d i f fuse  towards  the  ac t ive  site.  The amount  of  
subst ra te  that  can  a t tach  to the  sur face  will g reat ly  depend on  the f rac ta l  
d imens ion of  the  sur face ,  sur face  area  of  enzyme exposed  to the  medium and the  
s ize and  bu lk iness  of  the  subst ra te .  On reach ing  the  ac t ive  site,  the  react ion  
occurs  and  the  subst ra te  is conver ted  to product .  E i ther  the  in t r ins ic  ra te  of  
convers ion  of  the  subst ra te  o r  the  ava i lab i l i ty  of  it  due  to sur face  d i f fus ion  
would  then  determine  the  ra te  of  the  react ion .  D i f fus ion on f rac ta l  s t ruc tures  is 
known to be anomalous  (Argyrak is  and  Kopelman, 1990) and  a par t i cu la r ly  simple 
i l l us t ra t ion  of  a random f rac ta l  is a perco la t ion  lat t ice  (S tauf fe r ,  1985). I f  movement  
is  a l lowed f rom one s ite of  the  perco la t ion  c lus ter  occup ied  by  the  subst ra te  
on ly  to a neares t  ne ighbour  s i te of  the  c lus ter ,  the  motion is res t r i c ted .  The aim 
of  th is  work  is to  e luc idate  the  e f fec t  of  the  f rac ta l  nature  of  enzymes ,  and  
sur face  d i f fus ion  on them, on ra tes  of  enzymat ic  react ions .  
S I M U L A T I O N  D E T A I L S  
Considering attachment of a substrate molecule to the enzyme surface, the 
reaction mechanism is depicted in figure 1. The following assumptions were made 
to simplify the simulation. 
1) A simple method frequently used 
for enzyme immobilization is chemical 
aggregation using glutaraldehyde as a 
bifunctional reagent (Khare and Gupta, 
1990). We have modelled such an aggregate 
as a DLA cluster which is a random fractal 
(Witten and Sander, 1981) 
2) A number  of protein molecules are 
known to possess a fractal dimension and 
a number  of investigators have reported 
such a dimension for different proteins 
(Lewis and Rees, 1985; Wako, 1989). In the 
present work we consider such a protein 
with a fractal dimension of -1.89. It is 
known that the different conformations of 
proteins may give rise to the same value 
of fractal dimension. Therefore we can 
genera l ly  represent  such  a pro te in  as  a 
perco la t ion  c lus ter  wi th the  same f rac ta l  
d imension.  
3) There  is no in teract ion  between 
ind iv idua l  subst ra te  molecules.  
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FIGW~ 1 : ache.tic repreuestatioa of the reut i ,  aechui.: 
h -- same active site; Zs -- esme ssrhce otter thu tie 
active site; [d -- cosplex or unbotrate at ensure active site; 
EsS -- usbstrate molecule attacked to emse sorhce; P - 
product; [I l [! are pr6portio.i to the oarhce ares of the 
eame other tan the active site nd the eame active site, 
respectively; 13 is proportiotal to the probabilitl ofcollidisg 
at the active site nd sttachiug there 15 is proportional to 
the probability of attactuett o the eHIse .rfice oa collidisg 
there; 14 | 16 are proportionl to the dissociatiot cosstnts 
of hS ud toO,respectively; 17 is proportional to tie reaction 
probtbilitj os coaplez for.riot; 18 is proportio.l to the 
. rhce dill.Sou cod[iciest ud the mber of . rhce bo.d 
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4) The substrates can attach only to the edges of the percolation cluster 
to account for the fact that only certain patches on the enzyme surface are 
capable of interacting with the substrate. 
5) Once the substrate is bound to the surface, it moves towards the active 
site through the shortest available distance. 
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6) The d issoc ia t ion  constants  fo r  the  complexes  fo rmed are  low. 
The above  g iven  react ion  mechanism o~ CL~S~, 
was s imulated us ing  the  Monte Carlo 
method.  The enzyme agg lomerabe  was 
assumed to be in the  form of a DLA c lus ter  
and  each  ind iv idua l  enzyme molecule as a 
perco la t ion  c lus ter  at  the  thresho ld  
( f igure  2). A 2 -d imens iona l  DLA c lus ter  
wi th  ~ 104 latt ice po in ts  ( f rac ta l  d imens ion 
~ 1.7) and  a 2 -d imens iona l  perco la t ion  
c lus ter  with ~ 2.5 X 103 ( f rac ta l  d imens ion 
~ 1.89) were  computed  fo r  the  present  
s tudy .  Cer ta in  s i tes  on the  perco la t ion  
c lus ter  were  labe led as the  ac t ive  site. 10 
lat t ice  po in ts  on all four  s ides  of  th is  
c lus ter  were  kept  vacant  to fac i l i tate  the  
random walk of  the  subst ra te .  
Par t i c les  were  re leased  f rom outs ide  
o f  the  reg ion  occup ied  by  the  DLA c lus ter  
and  fo l lowed a random walk t ra jec tory  on 
the  latt ice.  I f  the  par t i c le  reached the  
end  of the  latt ice,  it was re jec ted .  On 
reach ing  a po in t  on the DLA c lus ter ,  that  
po in t  was magni f ied  as a perco la t ion  
c lus ter .  The par t i c le  then  cont inued  i ts  
random walk towards  the  perco la t ion  
c lus ter .  I f  the  par t i c le  reached the end 
of  th is  latt ice,  it was aga in  al lowed to walk 
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on the  lat t ice  of  the DLA c lus ter .  On reach ing  the perco la t ion  c lus ter ,  the 
par t i c le  was al lowed to fol low a b iased random walk towards  the ac t ive  s i te by  
the  shor tes t  ava i lab le  d i s tance .  Di f fus ion of subst ra te  par t i c les  bound on the 
enzyme sur face  was s imulated s imul taneous ly .  I f a par t i c le  t r ied  to a t tach  to a 
pos i t ion  where  another  subst ra te  was a l ready  present ,  it was re jec ted .  I f  one 
par t i c le  had  all four  neares t  ne ighbours  occup ied ,  then  it did not  move at  that  
ins tant  0n reach ing  the ac t ive  site,  the complex was formed and react ion  took 
p lace with a cer ta in  h igh  probab i l i ty .  Assuming  d i f fe rent  sur face  d i f fus ion  
coef f i c ients  (D), in the range  of 0.005 to 8, p roduct  format ion  as a funct ion  of 
t ime was s tud ied .  
Similar s imulat ions  were  per fo rmed for  a per fec t  square  latt ice in p lace of 
a perco la t ion  c lus ter  to de l ineate  the e f fec t  of f rac ta l  nature  of  the sur face .  
Var iat ion of  ra te  o f  p roduct  format ion  with subst ra te  concent ra t ion  was s tud ied  
fo r  both  the cases .  
R E S U L T S  /k l~D D I S C U S S I O N  
Many chemical  and  b iochemical  react ions  in nature  exhib i t  complex 
character i s t i c  behav iour  pat terns  wh ich  requ i re  the  use of h igh ly  non l inear  ra te  
models to expla in the  observat ions  (Sadana  e ta / ,  1981}. In  rea l i ty ,  however ,  the 
behav iour  may have  i ts  o r ig in  in o ther  non idea l i t ies  uch  as f rac t iona l  d imens ions  
of  the  sys tem and the  ra te  and  t ranspor t  p rocesses  on them. In  the present  
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s tudy  we have  t r ied  to ana lyse  th i s  e f fec t  by  cons ider ing  a sequence  of  e lementary  
h io react ions  on the  enzyme molecules.  The ana lys i s ,  however ,  can  also be car r ied  
out  fo r  any  o ther  heterogenous  sys tem.  , ~ , 
P ro f i les  fo r  p roduct  fo rmat ion  as  (a) 
a funct ion  of  t ime fo r  d i f fe rent  d i f fus ion  / ~  ../ ' ....//..; 
coef f i c ients  a re  shown in f igure  3a / f / / /  
"0  005  r " O 
(percolation c lus ter )and 3b (perfect o..oo/o.o,,~'~ ...... : 
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la t t ice) .  The  presence  of  reg ions  over  
per iods  of  t ime where  the  product  
fo rmat ion  is re la t ive ly  slow can  be 
d iscerned  in th i s  f igure .  Th is  is 
espec ia l l y  c lear  i f  we examine the  pro f i les  
fo r  lower  d i f fus ion  coef f i c ients .  Th is  is, 
however ,  not  the  case  fo r  a per fec t  
la t t i ce  as  seen  in f igure  3b. 
Th is  can  be exp la ined  us ing  the  
fo l lowing observat ions  dur ing  the  
s imulat ion:  At the  very  beg inn ing  o f  the  
react ion ,  very  small amount  of  subst ra te  
is bound to the  enzyme sur face .  I f  
d i f fus ion  is fas t ,  these  subst ra te  
par t i c les  can  reach  the  act ive  s i te  fas ter  
than  they  cou ld  have  in the  case  of  
s low d i f fus ion .  
FIGOU 3 : Pr0dect f0r.ti01 u af.cti01 0f Time. 
(~) Ii cue of reactiol ol a percolltioi c luter;  (b) l l  cue 
of resctio~ o, a perfect sq . re  lattice 
1.0 
0-01 
0"001 
After lapse of some time, more substrates bind but the hinderance to their 
movement  is not very high. As time proceeds, the surface is almost saturated 
with the substrate and resistance to diffusion is high. Due to the presence of 
lattice sites unoccupied by the percolation cluster (shown in figure 2), achievement 
of equal distribution of substrate over the enzyme surface takes  time. The large 
amount of substrate that binds initially takes time to reach the active site and 
further attachment is hindered. Only when most of these have reacted can more 
substrate bind and diffuse slowly towards the active site. This gives rise to 
regions of relatively slow product formation. On a perfect square lattice, 
achievement of a more or less equal distribution of substrate on the surface is 
faster than on a percolation cluster. Under  conditions of high diffusion coefficients, 
lattice sites unoccupied by percolation cluster do not cause resistance to movement 
and the surface also does not get saturated. 
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F igure  4 dep ic ts  the  pro f i les  fo r  the  amount  of  subst ra te  a t tached  to the  
sur face  as a funct ion  of subst ra te  concent ra t ion .  To de l ineate  the  e f fec t  of  the  
~racta l  nature  of the  sur face ,  we have  compared  the  pro f i les  fo r  react ion  on a 
perco la t ion  c lus ter  with that  on a square  latt ice.  
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At low subst ra te  concent ra t ions  (zone 1 in f igure  4), the  amount  of  subst ra te  
that  can b ind  to the  sur face  will not  be a f fec ted  by  the  per imeter .  This is because  
at  th is  concent ra t ion  of the  subst ra te ,  the rat io  of  the  sur face  area  occup ied  by  
the  subst ra te ,  in compar i son  to the  overa l l  a rea  to which the  subst ra te  can bind~ 
both  in the  case  of  a square  latt ice and a perco la t ion  c lus ter ,  is small. Movement 
is fac i l i ta ted on the  square  lat t ice and  so ra te  of  react ion  is h igher  than  that  
on the perco la t ion  c lus ter  (zone 1 in f igure  5). 
At in termed ia te  subst ra te  concent ra t ion  (zone 2 in f igure  4), the  amount  of  
subst ra te  that  can  b ind to the sur face  will now depend on the per imeter  and  
sur face  area  avai lab le  fo r  movement  owards  the act ive  site. In  the  case of  a 
perco la t ion  c lus ter ,  the  per imeter  is la rger  than  that  of the square  latt ice. Thus,  
the amount  of subst ra te  that  b inds  to the c lus ter  is la rger .  I t  faces  res t r i c t ions  
in i ts movement  and  so the  ra te  s ta r ts  fal l ing (zone 2 in f igure  5). The fall in 
ra te  of  react ion  on the  square  lat t ice is fas ter  as it undergoes  a la rger  change 
f rom less sur face  bound subst ra te  to sa turat ion  of  the  sur face  (from zone 2 to 
zone 3 in f igure  4) and  has a greater  tendency  to get  sa turated  with the subst ra te .  
At h igh  subst ra te  concent ra t ion ,  the average  amount  of  subst ra te  that  can 
b ind to the sur face  of  the  perco la t ion  c lus ter  is lower even  though the per imeter  
of the same is la rger  than  that  of the square  latt ice (zone 3 in f igure  4). This 
is because  the  res t r i c t ion  to movement  on the perco la t ion  c lus ter  is la rger  due 
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to  presence  of  unoccup ied  s i tes .  Thus  the  per imeter  is not  made vacant  eas i ly  
and  fu r ther  a t tachment  i s  h indered .On the  square  la t t i ce  less  subst ra tes  b ind  
in i t ia l l y ,  but  move eas i ly  over  the  sur face  fac i l i ta t ing  fu r ther  a t tachment .  The 
sur faces  of  both  the  perco la t ion  c lus ter  and  the  square  la t t i ce  tend  to get  
sa turated  and  the  fal l  in ra te  can  be  a t t r ibuted  to the  inh ib i t ion  in movement  
towards  the  ac t ive  s i te  caused  by  the  b ind ing  of  th i s  excess  o f  subst ra te .  The 
ra tes  co inc ide  as  seen  in zone  3 of  f igure  5. 
The  pro f i les  of  react ion  ra te  versus  subst ra te  concent ra t ion  as  shown in 
f igure  5 dep ic t  s ign i f i cant  subst ra te  inh ib i t ion ,  both  in the  case  of  a square  
la t t i ce  and  a perco la t ion  c lus ter .  In  the  case  of  a perco la t ion  c lus ter ,  the  same 
ra te  of  react ion  is  observed  a t  four  d i f fe rent  subst ra te  concent ra t ions .  Th is  
phenomenon is  not  not i ced  in  the  case  of  a square  lat t ice .  The reasons  fo r  th i s  
can  be  a t t r ibuted  to  the  complex  k inet i cs  a r i s ing  f rom the  f rac ta l  nature  of  the  
sur face .  In  the  case  of  a perco la t ion  c lus ter ,  a t  h igh  subst ra te  concent ra t ion ,  
the  'dead  zones '  get  complete ly  sa turated  and  hence  the  movement  of  subst ra te  
to the  ac t ive  s i te  is fac i l i ta ted  w i thout  i t  get t ing  s tuck  there .  Th is  a lso  probab ly  
cont r ibutes  to the  doub le -humped nature  of  the  curve  in f igure  5. 'Dead zones '  
a re  de f ined  as  reg ions  in the  perco la t ion  c lus ter  wh ich  are  connected  to o ther  
regions by constricted sites and do not have a direct access to the active site. 
Dead zones are clearly depicted in the figure 2. These are also responsible for 
the product formation being less than one in case of reaction on a percolation 
cluster. 
Thus  the above analysis indicates that substrate inhibition in ce~a2n cases 
can be attributed to slow surface diffusion of substrate particles towards the 
active site. Rate multiplicity attributed to date to complex reaction kinetics on a 
homogeneous surface may be attributed to the heterogeneous (fractal) nature of 
the surface, as seen here in case of an elementary reaction. 
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